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Abstract 

It is proposed that the Schrodinger equation for a free point particle 
has non-linear corrections which depend on the mass of the particle. 
It is assumed that the corrections become extremely small when the 
mass is much smaller or much larger than a critical value (the critical 
value being related to but smaller than Planck mass) . The corrections 
become significant when the mass is close to this critical value and 
could play a role in explaining wave-function collapse. It appears that 
such corrections are not ruled out by present day experimental tests 
of the Schrodinger equation. Corrections to the energy levels of a 
harmonic oscillator are calculated. 



1 Introduction 

The fact that Planck mass, m p = (hc/G) 1 ^ 2 ~ 10~ 5 gms, is much larger 
than elementary particle masses, has sometimes led to the suggestion [1] 
that standard, linear quantum mechanics may not hold for idealized point 
particles whose mass approaches the Planck mass. In particular, it is possible 
that the Schrodinger equation for the free particle may have to be modified 
to include non-linear terms, when the particle's mass becomes comparable 
to m p . This is the possibility considered in this brief note. 

From the experimental viewpoint, Planck mass is however, embarrasingly, 
in the macroscopic mass range, and its more likely that the fundamental mass 
scale m c where any non-linearities might set in is a few orders of magnitude 
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smaller than m p . The reason how this happens is not clear, though it is 
plausible that an underlying theory relates m c directly to m p . 

Even if m c is a few orders of magnitude smaller than Planck mass, there 
is still a very huge gap between elementary particle masses and m c . It is 
significant that quantum mechanics has not been experimentally tested for a 
point particle with a mass m somewhere in this range, say m = 10~ 15 gms. 
The purpose of this note is to give one example of a mass- dependent non- 
linear modification of the Schrodinger equation, with a view to encouraging 
experimental searches of a possible mass-dependent non-linearity. 

Considerations of non-linear generalizations of the Schrodinger equation 
have a long history, an early work being that of Bialynicki-Birula and My- 
cielski [2]; more recent discussions include those by Weinberg [3], Zeilinger 
[4], Pearle [5], Shimony [6] and Minic et al. [7]. A more complete list of 
references can be found in the recent work of Adler [8]. A mass dependent 
non-linearity does not seem to have been considered before, though. 



2 A non-linear Schrodinger equation 

Let us rewrite the free-particle Schrodinger equation 

by defining ip = e tS<yq,t ^ h , where S(q,t) is complex. This gives the following 
equation for S(q,t): 

In the so-called h — > limit the last term of this equation is dropped, and 
one recovers the classical Hamilton- Jacobi equation for the action function 
S(q,t). 

Let us now assume that Eqn. (2) has mass-dependent corrections - these 
corrections are assumed to be vanishingly small for masses which are much 
smaller or much larger than the fundamental mass scale m c , but become 
significant when m is comparable to m c . 

It is obvious that the equation (2) for the generalized action S is non- 
linear, the non-linearity being introduced by the term quadratic in dS/dq. 
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We assume that the proposed mass- dependent modification of this equation 
is such that precisely for m = m c equation (2) actually becomes linear! As 
m moves away from m c (becoming either larger or smaller than m c ) the 
non-linear term in (2) is recovered. Thus, we propose the following modified 
equation, by introducing the modifying function A{m/m c ): 

The function A(m/m c ) takes the value one at m — m c and goes to zero 
when m is much larger or much smaller than m c . Hence, for m = m c the 
modified equation for S(q, t) is 

lh ~dt ~ ~2^W { ) 

which has the same form as the Schrodinger equation! 

In Eqn. (3), after substituting for S in terms of ip, one gets the following 
non-linear Schrodinger equation for ip(q,t): 

h 2 d 2 i) h 2 . . (d\ni)\ 2 , 

Consider the implication of this non-linearity for the special case m = m c . 
Let ipi and ip 2 be two solutions of the Schrodinger equation (1), so that the 
superposition ip = aipi + bp2 also solves (1). Since (4) has the same structure 
as (1), one can choose solutions for the generalised action S in (4) as Si = ip\ 
and ^2 = ip2- The non-linear Schrodinger equation thus has two solutions 
tpiNL = e^ 1//n and ip2NL = e 1 ^ 2 ^ which have the same information content 
as ipi and ip 2 but the superposition of ip±NL and ip2NL does not satisfy the 
non-linear equation (5). If one regards the quantum measurement process 
as a sudden jump in the mass of a system from a value m m c to a 
value m ^> m c , the breakdown in superposition induced by the non-linearity 
could possibly explain wave-function collapse. This is because during the 
measurement m 'passes' through the intermediate value m c . Here, before the 
measurement, by system one means the quantum system (hence m m c ) 
and after the measurement by system one means [measuring apparatus + 
quantum system] (hence m ^> m c ). 
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A plane wave tp = aexp —i{ujt — kq) satisfies the non-linear equation (5) 
with the dispersion relation 



h 2 

hou = —k 2 (l - A) (6) 

but a superposition of plane-waves does not satisfy this equation. 
In Eqn. (3) let us make the substitutions 

q = } q ftiv = z — jj—, r- (7) 

y/l - A(m/m c ) 1 - A(m/m c ) 

This changes (3) to the form 

dS__ J_(dS\ 2 ih^d^ 

This has the same form as (2), with q replacing q, and Tin replacing Ti. It 
is evident that if we now define tpN = e lS ^ hN then (8) is transformed to the 
following linear equation 

dij N h 2 N d 2 ij N 

lhN ~dr = -^~w (9) 

which has the same form as the Schrodinger equation, with replacing h, 
and q replacing q. It is also easily seen that ipN is related to the original 
wave-function ip as 

^ = e lS / hN = (e iS ' n ) h/hN = ^~ A ^). (10) 

Equivalently, one can verify that the non-linear equation (5) reduces to 
the linear equation (9) after the substitutions given in (7) and (10) are made. 
The wave-function ip^ satisfies the continuity equation, with the modified 
Planck's constant Hn replacing h, and with q replacing q. In the limit that 
A goes to zero, ipN, and q reduce to ip, H and q respectively. 

There appears to be a certain kind of singularity at m — m c which is 
possibly of fundamental importance. 
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3 Corrections to energy levels of the harmonic 
oscillator 

The Schrodinger equation for the harmonic oscillator 

di; h 2 d 2 i> 1 22 

is transformed, after the substitution tp = e tS ^ h , to 

dS 1 fdS\ 2 ih d 2 S 1 2 2 

^ = -2^(wJ + 2^9? " 2™ 9 " (12) 

Including the proposed mass-dependent correction, as in (3), changes this 
equation to 

OS 1 / A fm\\/dS\ 2 ih d 2 S 1 22 

^ = 2^(- 1 + A U))U + 2^a?-2 TnwV - (13) 



The transformations (7) along with the re-definition u = uy/l — A give 
dS 1 fdS\ 2 ih N d 2 S 1 22 

m = '2^{-^) + 2^W~2 miuq - (14) 

The substitution ip N = e lS / hN then gives 

dip N h 2 N d 2 ip N 1 . 2 ~2 , /-.^ 

lhN ^r = -2^^ + 2 mujq ^ N - (15) 

Noting that the time- dependent part of a stationary state ip goes as e ~ tEt ^ h 
we can see that 

= Ei, N (16) 
and hence that the non-linear correction modifies the energy levels to 

E = (n + l/2)h N Cu = ( w +l/2) -^L= . (17) 
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4 Discussion 



The particular proposal for non-linearity given here is of course tentative; 
the main purpose of this note being to highlight the possibility of a mass- 
dependent non-linear correction, which should be probed by experiments. 

The possibility of such corrections is also suggested by earlier work [9] on 
a spacetime-independent formulation of quantum mechanics. The structure 
of the formulation for a free particle suggests that if the mass of the parti- 
cle is close to m c there should be non-linear corrections to the Schrodinger 
equation. The exact nature of these non-linear terms (for instance the func- 
tional form of A(m/m c )) can only be known when a better understanding 
of spacetime-independent quantum mechanics is achieved. Furthermore, as 
discussed in [9], one expects the introduction of non-linearities to be accom- 
panied by a change in the fundamental commutation relations. 

It is known [10] that non-linearities in a deterministic modification of the 
Schrodinger equation can allow for superluminal communication, and this has 
sometimes been presented as an argument against such a modification. But 
one could well speculate that such a radical change in our basic ideas might 
actually be occurring in the experimentally unprobed domain around m = 
m c . Physicists are not averse to the possibility of a modification in quantum 
mechanics at the Planck energy scale E p ~ 10 19 GeV. By virtue of the 
equivalence between mass and energy, the possibility of such a modification 
should also be entertained around the Planck mass scale m p = E p /c 2 . 

I would like to thank C. S. Unnikrishnan for useful discussions which lead 
to a significant modification of an earlier version of the paper. 
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